The diffusion constant D. of sHe atoms in liquid helium II was measured by Garwin and Reich using spin echoes. It is now pointed out that D. may in general differ from D if the solute-solute interaction becomes app~eciable. The expressions of D. and D are given and discussed from a general point of view. Then the expressions are simplified into approximationformulae which correspond to simplest solutions of the Boltzmann equations. Recently various experiments have been made III order to study the behaviour of foreign particles in liquid He II. In some experiments l ) the mobilities of ions or electrons were measured in liquid He II and in other experiments 2 ) the diffusion constants of sHe atoms were measured in liquid He II by spin echo technique. In interpreting the results of these experiments one is tempted to use the Einstein relation between the mobility and diffusion constant, which has been proved to have a great generality.S) A fictitious mobility could be attributed to sHe atoms by imagining each sHe atom to have a charge and to be accelerated by an external electric field. However, one has to be cautious in applying this consideration to spin echo experiments, because the diffusion of spins rather than the particles is measured in such experiments. In fact, the experimental data seem to indicate this difference.
Recently various experiments have been made III order to study the behaviour of foreign particles in liquid He II. In some experiments l ) the mobilities of ions or electrons were measured in liquid He II and in other experiments 2 ) the diffusion constants of sHe atoms were measured in liquid He II by spin echo technique. In interpreting the results of these experiments one is tempted to use the Einstein relation between the mobility and diffusion constant, which has been proved to have a great generality.S) A fictitious mobility could be attributed to sHe atoms by imagining each sHe atom to have a charge and to be accelerated by an external electric field. However, one has to be cautious in applying this consideration to spin echo experiments, because the diffusion of spins rather than the particles is measured in such experiments. In fact, the experimental data seem to indicate this difference.
Analysis of the data of the spin echo experiment in reference 2) . is based on the discussion of Carr and PurceW) who treated spins classically and solved the problem as a random walk problem. This treatment is easily seen to be equivalent to solving a diffusion equation of distribution function under an ap-'Ptopriate initial condition. 5 ) In § 2 we see that the difference between diffusion constant of particles and that measured by spin echo experiment cannot be recognized as long as we treat spins classically. The spin echo experiment measures a temporal change of the spin-density, which will be defined in § 2 from a quantum-mechanical point of view. Such a spin-density must obey an equation of the diffusion type with a constant D. called the spin-echo diffusion constant to be distinguished from the ordinary diffusion constant D.
In § 3 we give formal expressions for the two diffusion constants, DB and D, in terms of microscopic quantities such as particle density and spin densities. These general expressions are obtained as examples of applications of recent theories of irreversibl.e processes. S ).6). 7) The Einstein relation of the diffusion constant and the mobility is discussed here in some details. Then the expressions are reduced to simpler forms containing the relaxation times. D and D. may differ from each other in different contributions resulting from various scattering mechanisms. In particular the solute-solute interaction may contribute only to D. but not to D. This seems to be the case in Garwin-Reich~s experiment. 2 ) We tried only very crude estimations of the diffusion constants, particularly their behaviors with respect to change in temperature and in concentration, assuming a general form of interaction potentials in § 5, and applying the Bogolilibov theory8) in § 6. The results of calculation are compared in § 7 with the existent experimental data and some results of previous theories. A summary and some remarks are given in § 8~ We add the discussion about the relation between our approximation and the simplest variational solution of a Boltzmann-Bloch type transport equation in Appendix I and the derivation of effective interaction in Appendix II. § 2. ' Spin echo experiment and diffusion Let us consider foreign particles in a gas or a liquid. When the concentration is not uniform in space, the particles will tend to diffuse according to the diffusion equation .
a ~j(r, t) =DPY(r, t), at .
provided that their mean free paths are sufficiently short. In Eq. (2 ·1) fer, t) is the distribution function of the solute particles, rand t. being the space coordinate and the time respectively. The constant D in Eq. (2·1) is the ordinary diffusion constant of the solute particles.
If the solute particles are radioactive, D can be easily measured. If they are not, a direct method of measuring D may be the following; namely, one observes the change of concentration of solute in the solution contained in a capillary when an end of the sealed capillary is open to an exterior bath ofth~ solvent for a certain time. Careri et al.,9) for example, used this method for the measurement of the diffusion constant of sHe in liquid He I. This is straightforward but is rather inaccurate. Another method of obtaining D is the measurement of mobility in an electric field,I) from which D is deduced by the use of the Einstein relation. This is more accurate and convenient, but it can be applied only to charged solute particles. The third method often used is the spin echo method devised by Hahn. Now a 90° pulse and a 180° pulse are applied at the times 0 and r/2, respectively, perpendicularly to the z-axis. Then we have (echo amplitude after 90° --180° pulses) (induction amplitude after 90° pulse)
where }}f:c, (r) is the magnetization induced in the plane perpendicular to the z-axis, x' being the axis rotating in the x-y plane with the Larmor frequency iUo, i.e.
(I)o=Y Ho. (2 ·3) Here y is the gyromagnetic ratio. Carr and Purce1l 4 ) obtained the formula (2·2) by the use of the solution of a random walk problem. This derivation' is essentially equivalent to solving the following equation/)
at a¢ with the initial condition
In Eq. (2·4) ¢ is the angle by which a spin deviates from the x'-axis in the x-y plane. Thus the second term on the right-hand side represents a change in the Larmor precession of a spin which finds itself at a position y. Equation (2·4) is solved at once in a formal way to give 
Equation (2·4) is, however, valid rigorously only for classical systems, so that the equality (2·7) is not necessarily valid. In order to clarify this point, we consider in the following a solution of fermions with spin one-half in a solvent which may be bosons (for instance, liquid helium II which we are primarily concerned with in the present paper) or other kind of fermions. The total number of solute l?articles in the volume S2 of the whole system is N. The density matrix of the whole system is denoted by p (t) and the quantized wave functions of solute fermions are denoted by cf;* (r, (5) and cf; (r, (5) 
where IJ±=IJ:c±i IJy are Pauli's spin matrices and pop is the momentum operator while p in the Wigner distribution function is simply a c-numher. Average values of one particle operators are expressed. in terms of this reduced distribution function. For example, the x-y components of the magnetization density are written as (2 ·11) where
is the spin density at the point r. Now the time evolution of the function F1±(r, p; t) can be derived from the basic equation of the motion of the density matrix (2 ·13) where the Hamiltonian of the whole system !l£ may be divided into two parts !l£ =!l£o + !l£mag, the second term being the Zeeman energy of the fermions under consideration, which is written as
The equation of the motion of (IJIF1(r, p; t) 115') is obtained from (2·15) which may be expressed as
The first term of the right-hand side is simply the drift term. The second term IS due to the Zeeman energy and is explicitly calculated as
This represents the Larmor precession of spin components m the x-y plane. The last collision term comes from the interaction of fermions among themselves and the interaction between fermions and other solvent particles. By propet treatment of the collision term and drift term, one should be able to derive a diffusion type equation for the spin density:
The inhomogeneity of the magnetic field gives in principle an effect on the diffusion processes, but it can be ignored since the magnetic field is usually weak. Therefore the spin echo diffusion constant D. can be assumed to be independent of the magnetic field and its inhomogeneity. (It should be remembered, however, that this assumption will not be valid in solids where particle migration processes are less important than the spin-diffusion through spin interactions.) So Flu (r, t) is assumed to obey Kubo et a1.6) , 7) have shown that the kinetic coefficients in general can be given exact expressions in terms of the fluctuation of certain dynamical variables of the system in equilibrium. This theory may be applied to D and D. appearing in (2 ·1) and (2 ·19). in the followIng way: We introduce Fourier components of densities by
In particular, the total density n (k) is defined by
and the off-diagonal spin density n" (k) by
Then we have
.0 as rigorous expressions which should be valid as long as Fl (r, t) or Fl± (r, t) should obey the equations of diffusion type (2 ·1), and (2 ·19) on a macroscopic scale.
Here the brackets mean an equilibrium average
with an equilibrium density matrix p. for a given temperature T=l/k{3. The continuity equations are
where the currents are given by
v being the velocity operator. Now Eqs. (3·2) and (3·3) can be written as 
is the conductivity which the fermions would realize if they bear charges and ,e
is simply a thermodynamic relation. This relation is equivalent to the equation ,e
which gives the mean fluctuation of the number of particles contained in a volume JQ in the system,JQ being' chosen here as a unit volume. Equation to the Hamiltonian of the whole system and give rise to a change On of the average number. This change is easily calculated by expanding the equilibrium density matrix in a$l and evaluating the average of the deviation of particle number in JQ. This calculation is quite the same as that for the magnetic susceptibility.3) Taking JQ to be fairly large the Hamiltonian ${ can be supposed to commute with the particle number, so that (3 ·10) reduces to (3 ·11) .
For nondegenerate particles, either fermions or bosons, we simply have Jn 2 = ii, so that Eq. (3·7) reduces to familiar form kT D=~-fJ., (3·12) e whereas it becomes 2 r;:
for degenerate non-interacting fermions. Equation (3·9) does not generally apply to the denominator of Eq. (3·5). But, if the distribution of particles is symmetrical with respect to spins, or if the external magnetic field is weak, it can easily be seen that
The easiest way to see the equalities (3 ·14) and (3·15) is to write down the expressions in terms of annihilation and creation operators for each Fourier and spin component.
as Expressions (3·5) and (3·6) of the diffusion constants may also be written
Here ¢. (t) and ¢ (t) represent the relaxation of the correlations of currents, namely
E. Fukuda and R. Kubo
and r. and r are the relaxation times. (v:c 2 ). and (v:c 2 ) are averages of squared velocity of particles defined by
If the fermions, or more exactly the quasi-particles associated with the fermions, are assumed to have one-particle energies (or effective kinetic energies) of the form
the generalized sum ruleS) tells us that
which applies quite generally irrespective of the presence of interactions of the quasi-particles. Under the same condition as that allowed (3 ·14) we find that
Therefore we may assume
To summarize, the diffusion constants are expressed as
the relaxation functions, ¢s and ¢, being defined by Eqs. (3 ·18) and (3 ·19) .
For convenience, derivations of the sum rules (3·23) and (3·24) are briefly added here. Equation (3·23) is obtained as follows:
Similarly we calculate as
On averaging two expressions with opposite 0" we find exactly the same expression as (3·23). So Eq. (3·24) is proved. § 4. Relaxation times So far our treatment has been general and rigorous, but now we shall introduce approximations. The simplest approximation to the relaxation times for the diffusion constants is that which assumes a simple exponential decay of relaxation functions, i.e. where the relaxation times, f. and f, are estimated by the approximation formulae/} r,-l
Here U.." etc., are of the first order in the perturbation which gives rise to a scattering of the particles. This approximation corresponds to the -simplest variational solution of a Boltzmann-Bloch type transport equation derived by the use of the Born approximation for scattering processes. This nature of the approximation of the type (4-2) or (4-3) is quite general, but we show it for this particular example in Appendix I. Although this approximation is not the best we can do, we shall take advantage of its simplicity in the following.
Let us now assume our system to be a solution of fermions in solvent bosons. The Hamiltonian of the system is assumed to have the form where E (p) and EB(p) are one-particle energies of the -fermions aild bosons respectively, ¢ and If? being their quantized wave functions, V FE the interaction between the fermions and bosons and V FF is that among the fermions. When we apply this treatment to an actual solution of sHe in 4He-liquid, we must assume that the fermions and bosons are not bare but are dressed quasi-particles. Then the interactions V FB and V FF are effective interactions and should be considered as operators rather than simple potentials. They will be assumed, howeyer, to be spin independent. Further, we consider only the interactions of scattering type. It can be proved that the process in which a fermion emits or absorbs a boson is not important in the case of sHe_ 4 He solutions_ 12 ) Now the interactions in (4-4) can be written as (4) (5) and 
The acceleration of this current or the force acting on the 'current consists of two parts; one from the fermion-boson interaction and the other fermion-fermion interaction:
They are given by
VVe need the averages of the type 00
where the average is defined with respect to the equilibrium density matrices of the fermions and bosons. 
By (3·4), (4·2) and (4, 3) we now find that 2~a J PdPJ p'dp'\ qdqj" q'dq'iip(l-iip,)iiq (l+iiq,) 
the lowest order term with minimum indices becomes dominant at very low temperatures (T-40) and low concentrations (PF-40). Thus we can guess the T-and Prdependence of (5 ·1) and (5·2) at T -40 and PF-40 without carrying out integrations. We shall not go into details but will summarize the essential points: i) The :Sp + (he/3) -\ where the initial wave-number, p, is of the order of (m* /h 2 /3Y/2 for non-degenerate fermions and about PF= (3n 2 PFY/3 for degenerate fermions; J p' dp' -4 (he/3)
d) The presence of factor ii (1- ii') gives a factor PF (/3h 2 / m*)3/2 for nondegenerate fermio'ns and 1 for degenerate fermions.
e) The factor J pdp 0 ( ... ) gives the factor (m* /h2).
ii) The F-F process a) The magnitudes of the wave-numbers, p, p', P" p/ are < (m* /h 2 /3Y/2 for non-degenerate fermions and are almost bounded within PF± (m* / PFh 2 fl) for degenerate fermions; J p' dp' J P, dp,J p/ dp/ -4 (m* /h 2 /3Y. b) Because of the presence of rJ-functions, the wave-number k is < ( 
non-degenerate case {Ch (m*/h2) 8/2/ (he) 8+8'}PFOfJ-5 -(8/2) -8' {Ch (m*/h2) 5/2+8,/2} PF fJ l / 2-8t/2
From this table we conclude that when the fermions are nondegenerate the Prdependence of the diffusion constant does not depend on the forms of interaction, which determine, however, the T.dependence of diffusion constants. We have no satisfactory theory on the interactions between a quasi-bose particle representing the excitation of liquid helium and an impurity fermion or between fermions mixed in liquid helium. In the following, however, w~ adopt as an example of the application of our theory the simple Bogoliubov theory and calculate D. and D. i) Effective interaction between quasi-fermi-particles, VF is given by
as shown in Appendix II. The first term V 10' (0) represents the interaction between two bare fermions corresponding to the diagram of a direct scattering process of two fermions shown in Fig. 6-1 . The second term corresponds to a process in which a bare fermion emits one boson and another bare fermion absorbs this boson. If we put average values into wave-numbers in (6 ·1), we shall obtain the following results:
for non-degenerate fermions (6·2) for degenerate fermions,
where V p (0) = <'10' (0) -<';11 (0) h'B (0) .
'Whether Vp(O) is equal to zero or not is important for the T-dependence of the non-degenerate case and the Prdependence of the degenerate case. If the sum of all T-independent terms vanishes for degenerate fermions, T-dependent terms appear in VI.' ( ... ) . 2), we obtain the following results: If we assume m*=mp= (3/4) 
mn ane VFB(O) -'VB(O)-ZJp(O) -mBc 2 /PB, we
obtain the order of magnitude estimations of diffusion constants which are sum-marized III Table III . non-degenerate case degenerate case Comparing their result with our results in Table II we cannot conclude uniquely that the F-F scattering processes are dominant. It may be that either fermions are degenerate and the F-B scattering processes are dominant,' or the F-F scattering processes are dominant. Our model in § 6 is consistent with ~he experiment if the latter possibility is assumed and the interaction is not of 0 (r)-type. (See Eqs. (6·6) to (6 '11) .) The 0 (r) -type interaction cannot explain both T-and Prdependences of Ds. in (7 ,1) . The wave-number dependence of ~" determines T-and Prdependence of Ds and the former in § 6, Vp -k 2 , es- In the preceeding sections we investigated the diffusion constant D. measured by spin echo experiment and the ordinary diffusion constant D which can be related to mobility by the Einstein relation. \Ve obtained their quantum-mechanical expressions which are quite general as long as our system obeys a diffusion equation. These can be transformed into the form" (a certain average of squared velocity of particles) X (relaxation time of correlation of currents), quite similar to that obtained by the classical kinetic theory. Difference between D. and D is shown generally to be attributed to the difference between the relaxation times. Assuming a simple exponential damping of correlation function we derived approximate formulae for the relaxation times which correspond to the simplest variational solutions of a Boltzmann-Bloch ty'pe transport equation. For the solution of fermions in solvent bosons we gave the explicit forms of the relaxation times and showed that they are generally different when collisions between solute particles become appreciable.
Assuming the forms of energy spectra to be E (p) =h2p2/2m* and EB(q) =hcq we could find how the diffusion constants depend on the temperature and the density of fermions PF in the low temperature limit without explicit calculation of integrals included in the expression of relaxation times. It was shown that the diffusion constants are related to' the F-B and F-F scattering processes through the equations; D. It is expected that when PF is comparatively small and accordingly the degeneracy temperature is comparatively low, experimental data of D. will be inversely proportional to PI<' and T-dependence will show the wave-number dependence of the F-F interaction, while when PF becomes larger, experimental data will be proportional to T- 2 and Prdependence will show the wave-number dependence of the F-F interaction.
Comparing our results with Garwin-Reich's experimental result; D,_PF-n T-1 (n . 0.9), we conclude that the F-F scattering processes are dominant and the F-F interaction depends on wave-number and increases as the wave-number increases. This situation can occur for a mixed system of fermions and bosons in which interactions are independent of wave-numbers in the case where the direct F-F interaction are cancelled out by the wave-number-independent part of the F-F interaction caused by intermediate bosons.
Some measurements 1S ) and theories 15 ) of the diffusion constant of SHe atoms for pure liquid SHe or 4He at 1 dr 2 % concentration in liquid SHe have been made. T-2-dependence was observed in these cases. To interpret this, Hone applied Landau's Fermi liquid theory16) according to which the energy spectrum of quasi-particles was supposed to be determined as a functional of the distribution function of quasi-particles. We find that the difference between our result and that of the Fermi-liquid theory only appears in the difference of (8(/8ii) T in v.x 2 and determination of m*. So it seems that our theory gives some basis of' Boltzmann equation method in this case also. We conclude this paper, expecting more detailed experiments for various PF at low temperatures.
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Appendix I

Relation between our approximation and the simplest variational solution of a Boltzmann-Bloch type t?'ansport equation
We will show here the relation between our approximation and the simplest variational solution of a Boltzmann-Bloch type transport equation for the special system treated in § 4 to discuss the difference between 7:" and 7:"s in a more Intuitive way.
The Boltzmann-Bloch type transport equation for our system has the
at ap (I ·1) where n p " denotes the momentum distribution function of fermions under a certain force F and I (p, (J) denotes the collision integral
WFBCf 1 i) and WFF(f i i) are transition probabilities of our system from the state i to the state f caused by the fermion-boson and fermion-fermion scattering processes and they include the laws of conservation of momentum and energy during these processes: The last equality can be derived when our system satisfies the Boltzmann equation (1·4). When we are interested in mobility /1-= (drift velocity)/(external electric field), we may take Va; (p) for A (p, (5) . Then (1·7) and (I· 8) become
or by the use of the definition of r: r=/J./e(fj2Elffp~2y-\ we obtain the expression of r as follows:
In this case we can prove the v~riational principle: r >rapprox, when we take a trial function for x,,(p). One parameter included in a trial function is automatically determined by the equality of (I· 9) and (I ·10). When we put x,,(p) = const, we can easily obtain the simplest solution which is equivalent to (4·16),
If we put X"2(P/) =X".(P2) =0 in (l·5"), the corresponding quantity will become
This is equivalent to fs in (4 ·14) . This means that we can obtain fs instead of f when we introduce a ficticious mobility attributed to sHe atom by imagining one of the sHe atoms to have a charge and to be accelerated by an external electric field, and others to be in equilibrium. This situation seems to correspond to the situation of random walk problem 
Appendix II
Deri'vation of (6 ·1)
We derive here the effective interactions between quasi-fermi-particles, and quasi-bose-particles, adopting' the simple Bogoliubov theory and perturbation theory.
The Hamiltonian of the system is assumed to have the form It is the condition of virtual transition that these denominators cannot be zero. As the result of this transformation the Hamiltonian beoomes an infinite series in perturbation, but we take up here only the lowest order term in the fermionfermion scattering-type term, where V F represents the. effective interaction between fermions and is given by 
EA=s (PI) +s (p). (II·S)
The first term is the direct interaction between fermions and the second corresponds to a process in which a fermi-particle emits one boson and another fermi-particle absorbs this boson (See Figs. 6-1 and 6-2. The second term in the denominator represents the deviation of energy spectrum of boson from the phonon spectrum. 
